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HRS R
app(abs(Ax.F(x)),S) — F(S) abs(Ax.app(S,x)) — S

app(abs(Ax.app(x,x)), abs(Ax.app(x, x))) —r app(abs(Ax.app(x,x)),abs(Ax.app(x, x)))
{F — \z.app(z,z),S — abs(Ax.app(x,x))}

» HRSs a la Nipkow (LICS 1991)

» terms in Sn-long normal form

» matching modulo g7
» used in higher-order confluence analysis
» critical pair lemma for special case where |hss are patterns

» our goal: extend this to deterministic higher-order patterns
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» flattened representation of simple types
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» flattened representation of simple types

» given set S of sorts, set of types is smallest set 7 such that

® SCT
@ ifor,...,on€T and s€ S then (01, ...,07) >5ET
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» flattened representation of simple types

» given set S of sorts, set of types is smallest set 7 such that
@ SsSCT
@ ifoy,...,00€T and s€ S then (01, ...,0,) >s€T

v

Bn-free formulation of terms in Bn—-long normal form

v

given sets V (infinite) and F of typed variables and function symbols, set term(c) of terms
of type o is defined inductively
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Bn-free formulation of terms in Bn—-long normal form
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given sets V (infinite) and F of typed variables and function symbols, set term(c) of terms
of type o is defined inductively:
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» flattened representation of simple types

» given set S of sorts, set of types is smallest set 7 such that
@ SsSCT
@ ifoy,...,00€T and s€ S then (01, ...,0,) >s€T

v

Bn-free formulation of terms in Bn—-long normal form

v

given sets V (infinite) and F of typed variables and function symbols, set term(c) of terms
of type o is defined inductively:

h:(o1,...,0n) >s€FUYV t eterm(oy) --- t, €term(oy)
h(ty, ..., ty) € term(s)
t € term(s) X1:010€Y - Xp:0,€V
X1...Xp.t €term((o1, ..., on) = 5)
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Definition (Miller 1991)

higher-order pattern is term in S-normal form such that arguments of free variables are
n—equivalent to distinct bound variables
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higher-order pattern is term in S-normal form such that arguments of free variables are
n—equivalent to distinct bound variables

X.c(x) x.Z(y.x(y)) X.c(Z1(x), Z2(x))

Definition (Yokoyama & Hu & Takeichi 2003)

deterministic higher-order pattern is term s such that
@ @ #FV(ti) S {yr, ..., ¥n}

@ til, A til, whenever j # j

® til, is no lambda abstraction

for all abstracted subterms y; ... yn.x(t1, ..., tm) of s with x & {y1, ..., yntand 1 <i<m
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Theorem (Miller 1991)

unification problem for higher-order patterns is decidable
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Theorem (Miller 1991)

unification problem for higher-order patterns is decidable and unitary
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Theorem (Miller 1991)

unification problem for higher-order patterns is decidable and unitary

Theorem (Yokoyama & Hu & Takeichi 2003)

matching problem for deterministic higher—order patterns is decidable and unitary
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Theorem (Miller 1991)

unification problem for higher—order patterns is decidable and unitary

Theorem (Yokoyama & Hu & Takeichi 2003)

matching problem for deterministic higher-order patterns is decidable and unitary

» deterministic higher-order patterns are useful for program transformation
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Theorem (Miller 1991)

unification problem for higher—order patterns is decidable and unitary

Theorem (Yokoyama & Hu & Takeichi 2003)

matching problem for deterministic higher-order patterns is decidable and unitary

» deterministic higher-order patterns are useful for program transformation

» unification problem for deterministic higher—order problems is not unitary
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Example (Yokoyama & Hu & Takeichi 2003)

»f:a—a MN:(a,a)—a
» terms x,y.M(f(x),f(y)) and x,y.f(N(y, x))
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Example (Yokoyama & Hu & Takeichi 2003)

»f:a—a MN:(a,a)—a
» terms x,y.M(f(x),f(y)) and x,y.f(N(y,x)) admit three (incomparable) unifiers:

(1) {M — 71,22.271, N — 21,22.22}
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Example (Yokoyama & Hu & Takeichi 2003)

»f:a—a MN:(a,a)—a
» terms x,y.M(f(x),f(y)) and x,y.f(N(y,x)) admit three (incomparable) unifiers:
(1) {M — 71,22.271, N — 21,22.22}

(2] {M — Z1,22.22, N — 21,22.21}
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Example (Yokoyama & Hu & Takeichi 2003)

»f:a—a MN:(a,a)—a

» terms x,y.M(f(x),f(y)) and x,y.f(N(y,x)) admit three (incomparable) unifiers:
O {M— 21,2021, N = 21,2,.2, }
O {M—2z1,2,.22, N = 21,2,.21 }
O {Mw z1,2,.f(Z(21,22)), N = z1,22.Z(f(22),f(z1)) }

with fresh variable Z : (a,a) — a
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f:a—a MN:(a,a)—a

terms x,y.M(f(x),f(y)) and x,y.f(N(y,x)) admit three (incomparable) unifiers:
{M— z1,2.21, N~ z1,2,.25 }
{Mw— z1,27.25, N 21,27.21 }
{M — z1,2,.f1(Z2(z1,22)), N — z1,25.Z(f(22),f(z1)) }

with fresh variable Z : (a,a) — a

Definitions

» deterministic higher—order pattern rewrite rule is rewrite rule whose left-hand side is
deterministic higher-order pattern
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f:a—a MN:(a,a)—a

terms x,y.M(f(x),f(y)) and x,y.f(N(y, x)) admit three (incomparable) unifiers:
{M— z1,2.21, N~ z1,2,.25 }
{Mw— z1,27.25, N 21,27.21 }
{M — z1,2,.f1(Z2(z1,22)), N — z1,25.Z(f(22),f(z1)) }

with fresh variable Z : (a,a) — a

Definitions

» deterministic higher—order pattern rewrite rule is rewrite rule whose left-hand side is
deterministic higher-order pattern

» deterministic higher-order pattern rewrite system (DPRS) is set of deterministic
higher-order pattern rewrite rules
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DPRS R
f(a(x)) — f(x) h(g(x)) — h(x) c(y-Z(9(y))) — Z(d)
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DPRS R
f(a(x)) — f(x) h(g(x)) — h(x) c(y-Z(9(y))) — Z(d)

»c:(a—a)—a d:a f,g:a—a h:a—b
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DPRS R
f(a(x)) — f(x) h(g(x)) — h(x) c(y-Z(9(y))) — Z(d)

»c:(a—a)—a d:a f,g:a—a h:a—b

» X:a Z:a—a
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DPRS R
f(a(x)) — f(x) h(g(x)) — h(x) c(y-Z(9(y))) — Z(d)

»c:(a—a)—a d:a f,g:a—a h:a—b

» X:a Z:a—a

» local peak c(y.f(y)) < c(y-f(a(y))) — f(d)
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DPRS R
fla(x)) — f(x) h(g(x)) = h(x) c(y-Z(9(v))) — Z(d)
c:(@a—»a)—a d:a f,g:a—a h:a—=b

X:a Z:a—a

local peak c(y.f(y)) <« c(y.-f(g(y))) — f(d) is not joinable

Challenge

how to define critical pairs ?
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DPRS R
fla(x)) — f(x) h(g(x)) = h(x) c(y-Z(9(v))) — Z(d) c(y-f(y)) — f(d)
c:(@a—wa)—a d:a f,g:a—a h:a—=b
X:a Z:a—a

local peak c(y.f(y)) < c(y.f(a(y))) — f(d) is joinable

‘R is not locally confluent

Challenge

how to define critical pairs ?
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DPRS R
fla(x)) — f(x) h(g(x)) = h(x) c(y-Z(9(v))) — Z(d) c(y-f(y)) — f(d)
c:(@a—wa)—a d:a f,g:a—a h:a—=b

X:a Z:a—a

local peak c(y.f(y)) < c(y.f(a(y))) — f(d) is joinable
‘R is not locally confluent

local peak c(y.f(f(y))) < c(y-f(f(a(y)))) — f(f(d)) is not joinable

Challenge

how to define critical pairs ?
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DPRS R
f(g9(x)) — f(x) h(g(x)) — h(x) c(y-Z(9(y))) — Z(d) c(y-f(y)) — f(d)
c:(@a—wa)—a d:a f,g:a—a h:a—=b
X:a Z:a—a
local peak c(y.f(y)) < c(y.f(a(y))) — f(d) is joinable
R is not locally confluent, contradicting local confluence result of Hamana (JFP 2019)

local peak c(y.f(f(y))) < c(y-f(f(a(y)))) — f(f(d)) is not joinable

Challenge

how to define critical pairs ?
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DPRS R
f(a(x)) — f(x) h(g(x)) — h(x) c(y-Z(a(y))) — 2(d) c(y-f(y)) — f(d)
c:(@a—»a)—a d:a f,g:a—a h:a—b e:b—a
X:a Z:a—a
local peak c(y.f(y)) < c(y.f(a(y))) — f(d) is joinable
R is not locally confluent, contradicting local confluence result of Hamana (JFP 2019)
local peak c(y.f(f(y))) < c(y-f(f(a(y)))) — f(f(d)) is not joinable
local peak c(y.e(h(y))) + c(y.e(h(g(y)))) — e(h(d)) is not joinable

Challenge

how to define critical pairs ?
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DPRS R
f(a(x)) — f(x) h(g(x)) — h(x) c(y-Z(a(y))) — 2(d) c(y-f(y)) — f(d)
c:(@a—»a)—a d:a f,g:a—a h:a—b e:b—a
X:a Z:a—a F:(a,a)—a
local peak c(y.f(y)) < c(y.f(a(y))) — f(d) is joinable
R is not locally confluent, contradicting local confluence result of Hamana (JFP 2019)
local peak c(y.f(f(y))) < c(y-f(f(a(y)))) — f(f(d)) is not joinable
local peak c(y.e(h(y))) + c(v.e(h(g(y)))) — e(h(d)) is not joinable
local peak c(y.F(f(y),a(y))) < c(y-F(f(a(y)),a(y))) — F(f(d),d) is not joinable

Challenge

how to define critical pairs ?
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overlap of DPRS R is octuple ({1 — r1, p, g, Xn, 0, v, U, b2 — 1)
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overlap of DPRS R is octuple (¢1 — r1, p, g, Xn, 0, v, U, £ — r>) such that

@D by —r,lb—rneR
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overlap of DPRS R is octuple (¢1 — r1, p, g, Xn, 0, v, U, £ — r>) such that

@® b1 —r1, 0, —r, €R and p € Pos({>)
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overlap of DPRS R is octuple (¢1 — r1, p, g, Xn, 0, v, U, £ — r>) such that

® l1 —r1, 0 —r, € R and p € Pos(4)

@ if p = € then ¢; -+ r; and ¢, — r, are not variants
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overlap of DPRS R is octuple (¢1 — r1, p, g, Xn, 0, v, U, £ — r>) such that

® l1 —r1, 0 —r, € R and p € Pos(4)
@ if p = € then ¢; -+ r; and ¢, — r, are not variants

® BV({2,p) = X, and ¢ is X,-lifter of ¢; away from FV(/;)
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overlap of DPRS R is octuple (¢1 — r1, p, g, Xn, 0, v, U, £ — r>) such that

® l1 —r1, 0 —r, € R and p € Pos(4)
@ if p = € then ¢; -+ r; and ¢, — r, are not variants
® BV({2,p) = X, and ¢ is X,-lifter of ¢; away from FV(/;)

@ U’ is minimal complete set of unifiers of X,./10 and £>7|pq
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overlap of DPRS R is octuple (¢1 — r1, p, g, Xn, 0, v, U, £ — r>) such that

® l1 —r1, 0 —r, € R and p € Pos(4)

@ if p = € then ¢; -+ r; and ¢, — r, are not variants

® BV({2,p) = X, and ¢ is X,-lifter of ¢; away from FV(/;)
@ U’ is minimal complete set of unifiers of X,./10 and £>7|pq

® either p € Posz(l2), g=¢ v=¢ U=U
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overlap of DPRS R is octuple (¢1 — r1, p, g, Xn, 0, v, U, £ — r>) such that

@

@
®
@
®

by —r1,l, >, € R and p € Pos(43)

if p = ¢ then ¢, - r; and ¢, — r, are not variants
BV(¢2,p) = X, and 0 is x,-lifter of ¢; away from FV(¢3)
U’ is minimal complete set of unifiers of X,,.£16 and (>7|pq
either p € Posz(/2), g=¢, vy=¢, U=U" org=1 and
> l2]p = Xn.y(Sm) where y ¢ {X,} and {5n} £ {x,1}

» v ={y=>VnY'(YYn?1),YmT)} where y' : 5, — b and y” : (b,5,) — a are fresh
variables with y : 3, —+a and /1 : b

» U= U"\U" suchthatforall § € U’ C U
@ if 0(y’) = Ym.v and y; € FV(v) then s; € {X,1} or @ (X,.¥'(5m))0 € {Xn.51 |1 <i< m}

N
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» critical peak for overlap (¢1 — r1, p, g, Xn, 0, v, U, £ — r>) and 0 € U

6279[()7,7.&6)0][,(7 — 6279[()Tn€15)9]pq = 3270 — r279
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» critical peak for overlap (¢1 — r1, p, g, Xn, 0, v, U, ¢ — r>) and 0 € U

6279[()7,7.&5)0][,(7 < sz(f[()Tnflé)()]pq = 3270 — r279
with critical pair

(279[()@.[‘15)0];)57 ~ r279
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» critical peak for overlap (¢1 — r1, p, g, Xn, 0, v, U, ¢ — r>) and 0 € U

6279[()7,7.&5)0][,(7 < sz(f[()Tnflé)()]pq = 3270 — r279
with critical pair
(279[()@.[‘15)0];)57 ~ r279

» CP(R) denotes set of critical pairs of DPRS R
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DPRS R
repl(y.F(—y),x) — F(x= 1) X — X “(x=1) - x

repl(y.F(y),x) — F(x) X = x= 1 x=1)=1 — x

» | : prop — :prop— prop = : (prop,prop)— prop
» repl : (prop — prop, prop) — prop X : prop F : prop — prop
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DPRS R
repl(y.F(—y),x) — F(x= 1) X — X “(x=1) - x

repl(y.F(y),x) — F(x) X = x= 1 x=1)=1 — x

» | : prop — :prop— prop = : (prop,prop)— prop
» repl : (prop — prop, prop) — prop X : prop F : prop — prop
» critical pairs (modulo symmetry)
X R X X= 1= -x
X =1 =x “(x=1)=x
x=lrx=>1 (x=1)=L1l=x
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DPRS R
repl(y.F(—y),x) — F(x= 1) X — X “(x=1) - x

repl(y.F(y),x) — F(x) X = x= 1 x=1)=1 — x

» | : prop — :prop— prop = : (prop,prop)— prop
» repl : (prop — prop, prop) — prop X : prop F : prop — prop
» critical pairs (modulo symmetry)
—X & X X= 1 =~ -x Hi(x = 1) = Hy(—x)
X =1 =x “(x=1)=x
x=lrx=>1 (x=1)=L1l=x

with Hy : prop — prop
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DPRS R
repl(y.F(—y),x) — F(x= 1) X — X “(x=1) - x

repl(y.F(y),x) — F(x) X = x= 1 x=1)=1 — x

» | : prop — :prop— prop = : (prop,prop)— prop
» repl : (prop — prop, prop) — prop X : prop F : prop — prop
» critical pairs (modulo symmetry)
=% BY =% X= 1 =~ =x Hi(x = 1) = Hy(—x)
X = 1 ~x “(x=1)=x repl(y.G(y,~y),x) = G(-(x = 1),x = 1)
x=>lmx=>1 (xX=>1l)=1l=x

with Hy : prop — prop, G : (prop, prop) — prop
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DPRS R
repl(y.F(—y),x) — F(x= 1) X — X “(x=1) - x

repl(y.F(y),x) — F(x) X = x= 1 x=1)=1 — x

» | : prop — :prop— prop = : (prop,prop)— prop
» repl : (prop — prop, prop) — prop X : prop F : prop — prop
» critical pairs (modulo symmetry)
=% BY =% X= 1 =~ =x Hi(x = 1) = Hy(—x)
X = 1 ~x “(x=1)=x repl(y.G(y,~y),x) = G(-(x = 1),x = 1)
x=lrx=>1 (xX=1)=L1l=x repl(y.F(y = 1),x) = F(x = 1)

with Hy : prop — prop, G : (prop, prop) — prop
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DPRS R
repl(y.F(—y),x) — F(x= 1) X — X “(x=1) - x

repl(y.F(y),x) — F(x) -X > x= 1 x=1L=1L—>x
» | : prop — :prop— prop = : (prop,prop)— prop
» repl : (prop — prop, prop) — prop X : prop F : prop — prop

» critical pairs (modulo symmetry)

—X & X X= 1 =~ -x Hi(x = 1) = Hi(—x)
X = 1 ~=x “(x=1) =x repl(y.G(y, —y),x) = G(=(x = L), x = 1)
x=lrx=>1 (xX=1)=L1l=x repl(y.F(y = 1),x) = F(x = 1)

repl(y.G(Hz2(—y, Hi(—y) = 1), 7y),x) = G(repl(z.Hz(x = L, —z),Hi(x = 1)), x = 1)

with Hy : prop — prop, G : (prop, prop) — prop and H, : (prop, prop) — prop
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DPRS R
repl(y.F(—y),x) — F(x= 1) X — X “(x=1) - x

repl(y.F(y),x) — F(x) X = x= 1 x=1)=1 — x

» | : prop — :prop— prop = : (prop,prop)— prop
» repl : (prop — prop, prop) — prop X : prop F : prop — prop
» critical pairs (modulo symmetry)
—X & X X= 1 =~ -x Hi(x = 1) = Hy(—x)
X=1l=x “(x=1) =x repl(y.G(y, —y),x) = G(=(x = L), x = 1)
x=lrx=>1 (xX=1)=L1l=x repl(y.F(y = 1),x) = F(x = 1)
repl(y.G(Hz2(—y, Hi(—y) = 1), 7y),x) = G(repl(z.Hz(x = L, —z),Hi(x = 1)), x = 1)
repl(y.G(Hz2(—y,H1(=y)), —y), x) ~ G(repl(z.Hz(x = L,z),Hi(x = 1)), x= 1)

with H; : prop — prop, G : (prop, prop) — prop and H, : (prop, prop) — prop
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Critical Pair Lemma

if t Re - —r U then t Ip U Or t =% - “epr) - g4 U
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Critical Pair Lemma

if t R —r U then t lp U Or t =% - Sepr) - g4 U
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Critical Pair Lemma

if t R —r U then t lp U Or t =% - Sepr) - g4 U

DPRS R

f(x) = x c(y-Z(f(y))) — 2(d)
»c:(a—a)—a d:a f:a—a

» X:a Z:a—a
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Critical Pair Lemma

if t R —r U then t lp U Or t =% - Sepr) - g4 U

DPRS R

f(x) = x c(y-Z(f(y))) — 2(d)
»c:(a—a)—a d:a f:a—a g:(a,a)—a
»Xx:a Z:a—a

» non-joinable local peak c(y.g(y,f(y))) < c(y.-9(f(y),f(y))) — g9(d,d)
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Critical Pair Lemma

if t R —r U then t lp U Or t =% - Sepr) - g4 U

DPRS R

f(x) = x c(y-Z(f(y))) — 2(d)

c:(a—a)—a d:a f:a—a g:(a,a)—a

v

» X:a Z:a—a

non-joinable local peak c(y.g(y,f(y))) «< c(y.-a(f(y),f(y))) — g9(d,d)
corresponding critical pair c(y.Z(y)) ~ Z(d)

v

v
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Critical Pair Lemma

if t R —r U then t lp U Or t =% - Sepr) - g4 U

DPRS R

f(x) = x c(y-Z(f(y))) — 2(d)

c:(a—a)—a d:a f:a—a g:(a,a)—a

v

» X:a Z:a—a

non-joinable local peak c(y.g(y,f(y))) «< c(y.-a(f(y),f(y))) — g9(d,d)
corresponding critical pair c(y.Z(y)) ~ Z(d)

c(y-9(y,f(¥))) == c(y-9(y,y)) <cp(r) 9(d.d)

v

v

v
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Corollary

terminating DPRS R is confluent if all its critical pairs are joinable
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Corollary

terminating DPRS R is confluent if all its critical pairs are joinable

Example (cont’d)

DPRS R
repl(y.F(-y),x) — F(x = 1) X — X “(x=1) - x

repl(y.F(y),x) — F(x) X > x= 1 x=1)=1—>x

» all critical pairs are joinable
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Corollary

terminating DPRS R is confluent if all its critical pairs are joinable

Example (cont’d)

DPRS R
repl(y.F(-y),x) — F(x = 1) X — X “(x=1) - x

repl(y.F(y),x) — F(x) X > x= 1 x=1)=1—>x

» all critical pairs are joinable

» polynomial interpretation (van de Pol 1996)

repln(Y,x) = Y(x) +x+1 nX) =x+2 =n(Xy) =x+y+1 Iny=0
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Corollary

terminating DPRS R is confluent if all its critical pairs are joinable

Example (cont’d)
DPRS R
repl(y.F(-y),x) — F(x = 1) X — X “(x=1) - x
repl(y.F(y),x) — F(x) X = Xx= 1 x=1)=1 —=x

» all critical pairs are joinable

» polynomial interpretation (van de Pol 1996)

repln(Y,x) = Y(x) +x+1 nX) =x+2 =n(Xy) =x+y+1 Iny=0

[repl(y.-F(=y),x)] = [FI(Ix] +2) + [x] + 1 > [FI([x] + 1) = [F(x = L1)]
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Corollary

terminating DPRS R is confluent if all its critical pairs are joinable

Example (cont’d)
DPRS R
repl(y.F(-y),x) — F(x = 1) X — X “(x=1) - x
repl(y.F(y),x) — F(x) X = Xx= 1 x=1)=1 —=x

» all critical pairs are joinable

» polynomial interpretation (van de Pol 1996)
repln(Y,x) = Y(x) +x+1 nX) =x+2 =n(Xy) =x+y+1 Iny=0
[repl(y-F(=y),x)] = [FI([x] +2) + [x] + 1 > [FI([x] +1) = [F(x = L1)]
[repl(y-F(y),x)] = [FI([xI) + [x] +1 > [FI([x]) = [F()]
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Corollary

terminating DPRS R is confluent if all its critical pairs are joinable

Example (cont’d)
DPRS R
repl(y.F(-y),x) — F(x = 1) X — X “(x=1) - x
repl(y.F(y),x) — F(x) X = x= 1 x=1)=1 —=x

» all critical pairs are joinable

» polynomial interpretation (van de Pol 1996)
repln(Y,x) = Y(x) +x+1 nX) =x+2 =n(Xy) =x+y+1 Iny=0
[repl(y-F(=y),x)] = [FI([x] +2) + [x] + 1 > [FI([x] +1) = [F(x = L1)]
[repl(y-F(y),x)] = [FI([xI) + [x] +1 > [FI([x]) = [F()]
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Outline

4. Conclusion
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Contribution

» critical pair lemma for deterministic higher—order pattern rewrite systems
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Contribution

» critical pair lemma for deterministic higher—order pattern rewrite systems

» investigate unification problem for deterministic higher-order patterns
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Contribution

» critical pair lemma for deterministic higher—order pattern rewrite systems

» investigate unification problem for deterministic higher-order patterns

» completion for higher—order rewriting
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Contribution

» critical pair lemma for deterministic higher—order pattern rewrite systems

» investigate unification problem for deterministic higher-order patterns

» completion for higher—order rewriting

» formalization of higher-order confluence methods
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